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Determine the p and q in ARMA

ARMA(p, q) process {Xt} is a stationary process that satisfies

Xt − ϕ1Xt−1 − · · · − ϕpXt−p =Wt + θ1Wt−1 + · · ·+ θqWt−q

where {Wt} ∼WN
(
0, σ2

)
. It can also be written as

ϕ(B)Xt = θ(B)Wt

where
ϕ(B) = 1− ϕ1B − · · · − ϕpB

p

and
θ(B) = 1 + θ1B + · · ·+ θqB

q.
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Causality and Invertibility

Theorem
A unique stationary solution to ϕ(B)Xt = θ(B)Wt exists if and only if
the roots of ϕ(z) avoid the unit circle:

|z| = 1 ⇒ ϕ(z) = 1− ϕ1z − · · · − ϕpz
p ̸= 0

Theorem
An ARMA(p, q) process {Xt} is causal if and only if ϕ(z) ̸= 0 for all
|z| ≤ 1.

Theorem
An ARMA(p, q) process {Xt} is invertible if and only if θ(z) ̸= 0 for all
|z| ≤ 1
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Causal function of ARMA(2,1)

We have ϕ(z) with roots z1 and z2. If |z1|, |z2| > 1, then {Xt} is causal.
To find the causal function, we have

1 = ψ0,
θ1 = ψ1 − ϕ1ψ0

θ2 = ψ2 − ϕ1ψ1 − ϕ2ψ0

We have the solution:

ψ0 = 1, ψ1 = θ1 + ϕ1ψ0

and
ψj − ϕ1ψj−1 − ϕ2ψj−2 = 0, j ≥ 2
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Causal function of ARMA(2,1)

We have several cases:

1. z1 and z2 are different real numbers

2. z1 and z2 are conjugate complex numbers

3. z1 and z2 are same real numbers

The corresponding general solutions are

1. ψn = c1z
−n
1 + c2z

−n
2

2. If z1 = |z1|(cos θ + i sin θ), then

ψn = c1|z1|−n cos(nθ − c2)

3. ψn = (c1 + c2n)z
−n
1

for n ≥ max(p = 2, q + 1 = 1 + 1)− p = 0.
The constants c1 and c2 are found from the boundary conditions ψ0 = 1
and ψ1.
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Exercise 1

Determine which of the following processes are ARMA(p,q) and find the
p and q. And determine which of them are causal and/or invertible:

(a) Xt + .2Xt−1 − .48Xt−2 =Wt,

(b) Xt + 1.9Xt−1 + .88Xt−2 =Wt + .2Wt−1 + .7Wt−2,

(c) Xt + .6Xt−2 =Wt + 1.2Wt−1,

(d) Xt + 1.8Xt−1 + .81Xt−2 =Wt,

(e) Xt + 1.6Xt−1 =Wt − .4Wt−1 + .04Wt−2.
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Exercise 2

Find the coefficients ψj , j = 0, 1, 2, . . ., in the representation

Xt =

∞∑
j=0

ψjWt−j

of the ARMA(2,1) process,(
1− .5B + .04B2

)
Xt = (1 + .25B)Wt, {Wt} ∼ WN

(
0, σ2

)
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